Abstract We consider the existence and multiplicity of standing-wave solutions
Introduction
The linear Schrödinger equation is a basic tool of quantum mechanics, and it provides a description of the dynamics of a particle in a non-relativistic setting. The nonlinear Schrödinger equation arises in different physical theories, e.g. the description of BoseEinstein condensates and nonlinear optics (see [6] and the references therein). Both the linear and the nonlinear Schrödinger equations have been widely considered in the literature. The main purpose of this paper is to study the existence and multiplicity of semiclassical solutions of the perturbed Schrödinger equations with electromagnetic fields and critical nonlinearity of the form We are interested in standing-wave solutions, i.e. solutions to (1.1) of the type
when is sufficiently small, when E is a real number and u(x) is a complex-valued function which satisfies
where λ −1 = 2 /2m. The transition from quantum mechanics to classical mechanics can be formally performed by letting → 0. Thus, the existence of solutions for small, semi-classical solutions has important physical interest.
In recent years, a lot of work has been devoted to investigating standing-wave solutions in the case A(x) ≡ 0. In this case one is led to look for positive solutions u : R N → R of the semilinear equation with more general nonlinearity:
−∆u(x) + λ(W (x) − E)u(x) = λg(x, u).
(1.3)
Different approaches have been taken to attack this problem under various hypotheses on the potential and the nonlinearity (see, for example, [16, 17, 21, 24, 27] and references therein). Observe that in all the aforementioned papers, the nonlinearities are assumed to be subcritical:
together with some other technical conditions, of course. Under the condition
there have been extensive investigations on problem (1.3). In [21] , using a LyapunovSchmidt reduction, Floer and Weinstein established the existence of standing-wave solutions of (1.3); W (x) − E is a bounded function having a non-degenerate critical point for sufficiently small > 0. Moreover, they showed that u concentrates near the given non-degenerate critical point of W (x) − E when → 0. Their method and results were later generalized by Oh [24] to the higher-dimensional case, and the existence of multibump solutions concentrating near several non-degenerate critical points of W (x) − E as → 0 was obtained. For more results, we refer the reader to [1, 2, 11, 12, 16, 17]. Clapp and Ding [15] studied problem (1.3) in the case when the nonlinearities are assumed to be critical, with g(x, u) = µu + u 2 * −1 ; here W (x) − E 0 has a potential well and is invariant under an orthogonal involution of R N . They established the existence and multiplicity of solutions which change sign exactly once and these solutions localize near the potential well for µ small and λ large. Ding and Lin [18] showed the existence and multiplicity of semiclassical solutions of perturbed nonlinear Schrödinger equations with critical nonlinearity. Ding and Wei [19] established the existence and multiplicity of semiclassical bound states of the nonlinear Schrödinger equations under the assumption that W (x) − E changes sign and g is superlinear with critical or supercritical growth as |u| → ∞.
There are also many works dealing with the magnetic case when A(x) ≡ 0 and g(x, u) is subcritical growth. The first one would appear to be [20] , in which the existence of standing waves was obtained for > 0 fixed and for special classes of magnetic fields. If A and W are periodic functions, the existence of various types of solutions for fixed > 0 has been proved in [3] by applying minimax arguments. Concerning semiclassical bound states, it is proved in [23] that > 0 small admits a least-energy solution which concentrates near the global minimum of W . A multiplicity result for solutions had been obtained in [10] by using a topological argument. It is also proved therein that the magnetic potential A only contributes to the phase factor of the solitary solutions for > 0 sufficiently small. In [13] , single-bump bound states were obtained by using perturbation methods. These concentrate near a non-degenerate critical point of W as → 0. If g(x, u) is of critical growth, in this case, Wang [27] studied the electromagnetic Schrödinger equations
By using the linking theorem twice with the corresponding functional, Wang established the existence results. Chabrowski and Szulkin [9] considered (1.5) under the assumption that V (x) changes sign, by using a min-max type argument based on a topological linking. They obtained a solution in the Sobolev space which is defined in their paper. Assuming K(x) ≡ 1, Han [22] In the present paper, we consider the standing waves of problem (1.1) under the condition inf x∈R N (W (x) − E) = 0 and critical nonlinearity. It seems that Byeon and Wang [6] were the first to study the energy level and the asymptotic behaviour of positive solutions to Schrödinger equations under the condition inf x∈R N (W (x) − E) = 0. In [7] , Cao and Noussair extended the results of [6] . However, it seems there is almost no work on the existence of semi-classical solutions to problems on R N involving critical nonlinearities and electromagnetic fields. We mainly follow the idea of [18, 19] . Note that although the idea was used before for other problems, the adaptation of the procedure to our problem is not trivial at all: because of the appearance of electromagnetic potential A(x), we must consider our problem for complex-valued functions and so we need more delicate estimates.
The paper is organized as follows: in § 2, we describe our main results (Theorem 2.3). Section 3 is devoted to behaviour of Palais-Smale (PS) sequences. Section 4 contains the proofs of the main results.
Main results
We set V (x) = W (x) − E and rewrite (1.2) in the following form:
We make the following assumptions on A(x) and V (x) throughout this paper:
A typical nonlinearity considered in physical problems is h(x, |u|
2 )u = |u| p−2 u. Here we allow h to be more general as specified in assumptions (h 1 )-(h 3 ).
Let
is the Hilbert space under the scalar product
the norm induced by the product (· , ·) is
which is a Hilbert space equipped with the norm
Remark 2.1. We have the following diamagnetic inequality (see, for example, [20] ):
Indeed, since A is real-valued,
(the bar denotes complex conjugation); this fact means that if 
However, it was proved by Arioli and Szulkin [3] that if K is a bounded domain with regular boundary, then
with the norms
Thus, it is easy to see that the norm · E is equivalent to
Consider the functional
Under the assumptions, standard arguments [29] show that J λ ∈ C 1 (E, R) and its critical points are solutions of (2.1).
Our main result is as follows. 
Behaviour of (PS) sequences
The main result of this section is the following compactness result.
and either
As a consequence, we obtain the following result. Proof . On the one hand, by (3.1) and (3.2) one has
where ε n → 0 as n → ∞. On the other hand,
Thus, it follows from (K), (3.3) and (3.4) that
Hence, for n large enough, we have
Thus, u n λ is bounded as n → ∞. Taking the limit in (3.4) shows that c 0. Then {u n } is bounded and c 0. 
From Lemma 3.3 we may assume without loss of generality
Obviously,
We have the following lemma.
Lemma 3.6. Let {u m } and {û m } be as defined above. Then
uniformly in w ∈ E with w 1.
Proof . Remark 2.2, (3.6) and the local compactness of Sobolev embedding imply that, for any r > 0,
uniformly in w ∈ E with w 1. For any ε > 0 it follows from (3. 
where c, C, c and C are positive constants. This completes the proof of Lemma 3.6.
Lemma 3.7.
Let {u m } and {û m } be as defined above. Then the following conclusions hold:
On the one hand, using (3.6) and along the lines of proving the Brézis-Lieb Lemma [29] , we have
On the other hand, together with
This completes the proof of Lemma 3.7 (i).
In order to prove (ii), observe that, for any w ∈ E,
It follows by a standard argument that
nw ) = 0 uniformly in w 1. By Lemma 3.6 we have
uniformly in w 1. This completes the proof of Lemma 3.7 (ii).
, and by (3.6), u n → u if and only if v n → 0. By Lemma 3.7
Hence,
where b is the positive constant from assumption (V ). Since V b has finite measure and
It follows from assumptions (h 1 )-(h 3 ) that there exists a constant c b > 0 such that
Proof of Proposition 3.1. Assume that u n → u. Then lim inf n→∞ v n > 0 and c − J λ (u) > 0. By (2.2), (3.8) and (3.9) we have
Therefore,
,
This completes the proof of Proposition 3.1.
Proof of Theorem 2.3
In the following we always consider λ 1. By the assumptions (V ), (A), (K) and (h 1 )-(h 3 ), one can see that J λ (u) have mountain pass geometry.
Proof . By (K) and (h
So, from (A) and (V ) it follows that
By (2.2) and 2
* > 2 we know that the conclusion of Lemma 4.1 holds. This completes the proof of Lemma 4.1.
Lemma 4.2. Under the assumptions of Lemma 4.1, for any finite
Proof . Using conditions (A), (V ), (K) and (h 1 )-(h 3 ), we deduce
for all u ∈ E since all norms in a finite-dimensional space are equivalent and p > 2. This completes the proof of Lemma 4.2.
Since J λ (u) does not satisfy the (PS) c condition for all c > 0, in the following we will find special finite-dimensional subspaces by which we construct sufficiently small minimax levels.
Recall that the assumption (V ) implies that there exists x 0 ∈ R N such that
Without loss of generality we assume from now on that x 0 = 0. Observe that, by (h 3 ),
Define the function I λ ∈ C 1 (E, R) by
Then J λ (u) I λ (u) for all u ∈ E and it suffices to construct small minimax levels for I λ . Note that
Thus, for t 0,
where
.
On the one hand, since V (0) = 0 and support φ δ ⊂ B r δ (0), there exists Λ δ1 > 0 such that
for all |x| r δ and λ Λ δ1 .
On the other hand, by Hölder's inequality, we have
Since A(x) is continuous on R N and A(0) = 0, there exists Λ δ2 > 0 such that
for all |x| r δ and λ Λ δ2 .
(4.3)
Without loss of generality we can take Λ δ := {Λ δ1 , Λ δ2 }. So, by (4.2) and (4.3) we deduce
Therefore, for all λ Λ δ ,
Thus, we have the following lemma. σ and let f λ ∈ E be the function defined by (4.1). We take Λ σ = Λ δ . Lett λ > 0 be such thatt λ f λ λ > ρ λ and J λ (tf λ ) 0 for all t t λ . Letf λ =t λ f λ . We know that the conclusion of Lemma 4.3 holds. for all λ Λ m * δ . Using this estimate we have the following.
